In a series of three papers, we study the geometrical and statistical structure of a class of coupled map lattices with natural couplings. These are in nite-dimensional analogues of Axiom A systems. Our main result is the existence of a natural spatio-temporal measure which is the spatio-temporal analogue of the SRB measure. In this paper we develop a stable manifold theory for such systems as well as spatio-temporal shadowing, Markov partitions and symbolic dynamics. In the second, we treat in general terms the question of the existence and uniqueness of Gibbs states for the associated higher-dimensional symbolic systems. The nal paper contains the proof of the main theorem which asserts the existence and uniqueness of a natural spatio-temporal measure for certain weakly coupled circle map lattices with a natural coupling.
Introduction
The Axiom A systems of Anosov and Smale are one of the cornerstones of modern dynamical systems theory ( 1] and 26]). They possess a very complete structure theory, the pinacle of which is the existence of a unique natural invariant measure (the Sinai-Ruelle-Bowen or SRB measure) for each attractor 22] . The ingredients of the structure theory, which includes a stable manifold theory, the shadowing lemma and the existence of Markov partitions and symbolic dynamics, provided new and powerful methods for the investigation of such chaotic systems and led to the notions of the thermodynamic formalism and Gibbs states. Moreover, although Axiom A systems do not often occur in their pure form in applications, they have also played a fundamental role in our understanding of more general chaotic sytems. The ideas of modern pure dynamical systems have had a profound in uence on many applied and experimental areas. In many cases the original work had no obvious contact with nature and concerned model or prototype systems such as those satisfying Axiom A, but also others such as the logistic map, the Henon mapping and the Lorenz attractor. Important theoretical concepts were discovered in such systems, understood in general terms and then applied to more realistic systems or to experimental data. On the other hand, this process has almost exclusively been applied to low-dimensional systems by which we mean systems which have only low-dimensional attractors even though they may have high-dimensional phase spaces. By comparison, comparitively little e ort has gone into extending the ideas of dynamical systems theory to high-dimensional spatially extended systems or to the development of the high-dimensional model systems which will play the role of the low-dimensional prototypes. In this series of three papers, of which this is the rst, we study a class of spatially extended systems with in nite-dimensional attractors which are an in nite-dimensional analogue of the Axiom A systems. These coupled map lattices have the advantage over pdes that many of the technical problems associated with existence, uniqueness etc are absent so that, from our point of view, the essential problems of spatio-temporal chaos are as transparent as possible: one can quickly get to the heart of the matter without unnecessary technical di culties. However, in a later paper we will show how to apply these ideas to a class of chaotic reaction-di usion equations. Our main result is the existence of a natural spatio-temporal measure which is the spatio-temporal analogue of the SRB measure. En route we will develop a stable manifold theory for such systems as well as spatio-temporal shadowing, Markov partitions and symbolic dynamics. We will also treat in general the question of the existence and uniqueness of Gibbs states for the associated higher-dimensional symbolic systems. For the usual Axiom A systems, to prove existence of the SRB measure one associates to the dynamical system a 1-dimensional lattice gas with a (mathematically) nice potential. Such systems have unique Gibbs states or equivalently have no phase transitions. Our systems have associated a higher-dimensional lattice gas for which phase transitions can exist. It is therefore considerably more di cult to nd general conditions for uniqueness and we only can do this under the assumption of weak coupling. This is not a weakness since there is strong numerical evidence that phase transitions actually do occur as the coupling is increased. To prove the uniqueness we rely upon results of Dobrushin and in the companion paper 15] we give a non-trivial translation of his ideas for gas systems into the dynamical context. The nal paper 16] contains the proof of the main theorem 4 which is stated below. This asserts the existence and uniqueness of a natural spatio-temporal measure for certain weakly coupled map lattices of circle maps. In a later paper 5] we will generalise our result to the case where the local dynamics are given by any di eomorphism with an Axiom A attractor. Our work follows on from that of Sinai and Bunimovich 4] and di ers from theirs in that we treat a physically and mathematically more natural class of couplings. Their systems were constructed with unnatural couplings so that a system of Markov partitions was automatic. For natural forms of coupling they are not and we have to work to prove the existence of Markov partitions and symbolic dynamics. The approach of the main part of our proof is therefore di erent from theirs The simplest coupled map lattices are mappings of the form A much studied class of such coupled map lattices is given for N 2 IN by choosing s " = s (N) " in (3) as follows: s (N) " (n) = 8 < :
1 ? " for n = 0 "=2N for 0 < n N 0 otherwise (5) The simplest mapping of this family, the one for nearest neighbour coupling, has been studied extensively, in particular with the help of computers (see for example 7] and 18]). It can be explicitly represented as follows:
(1)" : fx n g 1 n=?1 7 ?! f(1 ? ")f(x n ) + " 2 (f(x n?1 ) + f(x n+1 ))g 1 n=?1 : (6) In fact our method will apply to the much more general class of coupled map lattices de ned as follows. We de ne a coupled map lattice to be a mapping of the form " = A " F:
where F is as above and the family A " : Y ! Y possesses the following properties with respect to the above manifold structure on Y:
(i) A " is C 1 ;
(ii) the A " vary continuously with " and are "-close to the identity id on Y in the C 1 -topology;
(iii) for " > 0 su ciently small, A " and its Jacobian are invertible and necessarily close to the identity; and (iv) if a (i) " (x) = (A " (x)) i for x 2 Y then a (i) " is a C 1 mapping such that the dependence of a (i) " (x) on x j decreases exponentially with the distance of the sites i, j.
De nition 1 Such a family A " is called a coupling or family of interaction operators. Of course the most common interaction operators are the ones of nite radius r, i.e. 8 i2ZZ : a (i) " (x) = a (i) " (x i?r ; : : : ; x i ; : : : ; x i+r ) and mainly the one for nearest neighbour coupling using standard averaging,
With the help of such interaction operators A " we can de ne coupled map lattices " in the usual way as the composition of A " and F. We concentrate on the case where Y = IR m and where the mapping f is de ned on a neighbourhood of an f-invariant hyperbolic set . So far we have neither put a topology nor a metric on our sequence space Y. The Many of our abstract results are formulated under the assumption of the presence of two topologies on our spaces. It is the above considerations which motivate this.
Let us take a quick look now at the derivative of (N)" = A (N)" F in the Banach space Y where A (N)" is de ned using the kernel s (N)" of equation (5 Remark 1 The derivative of (N)" is a bounded linear operator on every -closed subset of Y. Moreover, contracting (and analogously expanding) conditons for f can be transfered to F and (N)" with respect to all the metrics d , 1. These conditions are met simultaneously in all the metrics d .
The last statement will be important for our investigations of hyperbolic invariant sets for " . We will nd these sets for small " > 0 with the help of perturbation methods in the course of the bundle approach that we are going to develop in the next section.
Suppose that Y = IR m and that f : Y ! Y is a di eomorphism on a bounded hyperbolic invariant subset of Y . Moreover suppose that the interaction operator A " = (a (i) " ) i2Z Z for " 0 satis es (i) to (iv) above. Then L = Z Z Y is an invariant set for 0 . It is hyperbolic in the sense of section 2. We will prove a stronger bundle version (theorem 11) of the following structural stability theorem. 
with the following properties:
Y is a compact invariant set for the coupled map lattice " which is hyperbolic in the sense of section 2;
3. if 0< 1 < 2 and 0 "<" 1 then L ( 2) " can be included in L ( 1) " ;
4. for 0 "<" , h (") is a homeomorphism from L onto L ( ) " , and h (") F = " h ("). 5. there exists a constant c>0 such that d (h ("); inc L ) c" for 0 "<" .
The construction of Markov partitions for certain bundle maps will be a crucial ingredient of our approach. A corollary is the existence of a Markov partition for the coupled map lattice. We use this to prove the following theorem on the existence of symbolic dynamics. A crucial step in the proof of this is a spatio-temporal expansiveness property analogous to expansiveness for Axiom A systems.
We then use this symbolic system to construct a Gibbs state on L " . This requires some more work than in the usual situation since our symbols are now multi-dimensional.
For 2(0; 1), let C (A) (resp. C + (A)) consist of those continuous functions f on (A) (resp. + (A)) which, for some constant C = C(f)>0 and any n i 2IN, i = 1; : : : , satisfy jf( ) ? f( )j C( n1 + : : : + n )
whenever 1 2;:::; = 1 2;:::; for j i j n i , i = 2; : : : ; ; and j 1 j n 1 (resp. 0 1 n 1 ). Condition (9) can be replaced by the equivalent condition jf( ) ? f( )j c minfn1;:::;n g :
We will say that the functions in C (A) and C + (A) satisfy a H older condition with exponent . 
where ( ) is the measure on Z Z n (A) obtained from through the projection of (A) onto Z Z n (A).
Gibbs states for B 2 C + (A) are de ned analogously. The equations (11) This result is proved in the second paper of this series 15]. We give more details and motivation there.
In the language of statistical mechanics we can say that such a function B does not exhibit any phase transitions. As we cannot guarantee at the moment that the strong-mixing for the general translation takes place exponentially fast, we consequently cannot exclude Kosterlitz-Thouless transitions. So far we also cannot say where to nd phase transition surfaces and which kind of transitions can occur. We apply this result to prove the existence of a natural spatio-temporal measure for expanding circle map coupled map lattices.
We introduce spatially truncated versions of the mapping " . Choose a xed point x of f. Let respectively. The mapping ";N1;N2 is hyperbolic in the usual sense and therefore has a SRB measurẽ ";N1;N2 .
Theorem 4 For a given expanding circle map f and a coupling A " satisfying the conditions (i)-(iv) above, for all su cientlty small " > 0 there exists a unique measure " on Y and its Borel -algebra B(Y) with the following properties:
Part 4 of the theorem follows from a result of Volevich 27] 
Bundles and Hyperbolicity
The bundles we are going to introduce and use in the following should not be identi ed with vector bundles in di erential topology although rather often we will consider trivial vector bundles. In the few cases we use the notion of a vector bundle, we adopt for that the standard de nition using the local triviality axiom. It is worthwhile noting here that the theory that we develop has a number of other applications. For example, it can be used to develop a theory of hyperbolicity for compactly forced ordinary di erential equations. This is a class which includes periodically, almost-periodically and chaotically forced ordinary di erential equations.
De nition 4 Let X and E be topological spaces. Then the topological space X E is called a bundle of E over X, (x; E) for x 2 X is called the bre of this bundle over x and is also denoted by E x and identi ed with E. The elements of E x are hence given by (x; v), v 2 E and are sometimes denoted just by v 2 E if x 2 X is xed. The mapping : E ! X, E x 7 ! x is called the (natural) projection for the bundle E. Let us remark that the bundles E and D can also be seen as families of topological spaces E x ; x 2 X and subsets of topological spaces D y ; y 2 Y respectively. For our work this interpretation is quite appropriate. We will be mainly interested in the case where E is a Banach space. For this set-up we want to introduce the notion of hyperbolicity for di erentiable maps on the bundle. In order to explore this hyperbolicity we will develop methods analogous to the ones for hyperbolic di eomorphisms on compact manifolds (see for example 2] or 25]). In our approach we rather follow the procedure in 24]. We also adopt notions from 17].
De nition 5 A linear endomorphism T of a Banach space E is hyperbolic if its spectrum lies o the unit circle i.e. if there exists a T-invariant splitting E = E 1 E 2 such that the spectrum of T jE1 lies outside the unit circle while that of T jE2 lies inside. While T jE1 is clearly an automorphism of E 1 , T jE2 might not be an automorphism of E 2 . Without loss of generality, we may assume that the norm k:k on the Banach space E satis es kT jE2 k < 1 and inf fkTxk : x 2 E 1 ; kxk = 1g > 1. De nition 6 If f : E ! E is a di erentiable mapping in a Banach space, E is closed and f j is a homeomorphism on , then is called hyperbolic for f if and only if the derivative Df on the tangent bundle T E = E induces a hyperbolic endomorphism on the space of bounded sections of T E by f b : 7 ! Df (f j ) ?1 , i.e. if there exists a Df-invariant splitting T E = E 1 E 2 such that Df is an automorphism of E 1 expanding it and an Df is an endomorphism of E 2 having norm less than 1.
We shall mainly be interested in bred maps which are de ned as follows.
De nition 7 Let X be a topological space, E be the bundle of a topological space E over X and D E be a bundle over Y X. Moreover Note that the di erentiability of F bred over f always implies the di erentiability of f, which we will never state explicitly. Proof. Fix a number " > 0. Since X is paracompact (as a Banach space) we can choose a locally nite cover fU i g i2I0 (where I 0 is a countable index set) of any open neighbourhood U of such that U i \ 6 = ; for all i 2 I 0 and x; y 2 U i \ ) k A x ? A y k < " and furthermore we can nd a partition of unity f' i g i2I0 subordinate to fU i g i2I0 :
For every j 2 I 0 choose a point x j 2 U j \ and de ne A j = A xj ;
Obviously we have for x 2 k
and A (0) x depends continuously on x. In each U j , j 2 I 0 , we choose a countable, locally nite cover fU jk g k2I (j) ' jk (x)(A x ? A (0) x k ) k < "=2 and we also have for all x 2 k A (1) x ? A x k < "=2: Inductively we can continue this procedure and de ne a sequence fA (n) x g 1 n=0 of linear operators for all x 2 U such that 8x2 : k A (n) x ? A x k < "=2 n ; 8x2U; m n 0 : k A (n) x ? A (m) x k < "=2 n ; 8x2U 9 a open nbhd. U(x; n) such that 8y2U(x; n) : k A (n) x ? A (n) y k < "=2 n : Thus fA (n) x g 1 n=0 is a Cauchy-sequence for every x 2 U, depending continuously on x. Since X is a Banach space, so is L(X), the set of all linear operators L : X ! X, and hence the limit lim n!1 A (n) x =:Ã x exists for all x 2 X and satis es kÃ x ? A x k = k lim n!1 A (n) x ? A x k = 0 for all x 2 and also for all x; y 2 U kÃ x ?Ã y k kÃ x ? A (n) x k + k A (n) x ? A (n) y k + k A (n) y ?Ã y k from which we nally conclude thatÃ x depends continuously on x and thatÃ x = A x for all x 2 .
Let us move on now to one of our main tools which represents an important shadowing property for hyperbolic invariant bundles. In this theorem we consider the following situation. We are given a vector space X with two norms k:k 1 and k :k 2 on it. We assume that, (i) for i = 1 and 2, X i = fx 2 X : k xk i < 1g is a Banach space;
( 
in particular the following diagram commutes:
Proof. Our assumption on the hyperbolicity of the bundles E i , i = 1; 2 ensures for every 2 the existence of an invariant hyperbolic splitting of T E i , i = 1; 2 for D F of the form T E i = E 1 E 2 : (17) where once again we identi ed T I(B) E and E. It is clear that G( ) 2 ?(B; I) if 2 ?(B; I). Furthermore the zero-section0 in ?(B; I) satis es G(0) = I H ?1 ? I: (18) Thus it follows from (12), (14) and (18) that k G(0) k= d( I H ?1 ; I) < ; (19) Lip(G ? T ) < ; (20) spec(T j? 1 (B;I) ) > ?1 ; spec(T j? 2 (B;I) ) < : (21) Let us consider now the so-called box norm on ?(B; I) de (19) and (20) k G(0) k box < 2 ;
Lip box (G ? T ) 4 :
Now choose r > 0, > 0 so small that + 4 < 1;
then choose W and V such that (14) is satis ed and nally choose > 0 such that
Because of (21)- (25) Since J is bre-preserving there exists a unique continuous mapping in the ball of radius r in C 0 (Y; X) satisfying J = j and hence j h = f j and the estimates of the theorem which nishes this proof.
Invariant Bundles
We are going to prove that bre-preserving bundle maps close to ones with hyperbolic invariant families in the bundle also have this property. Using the last theorem we will relate the corresponding hyperbolic invariant bundles.
Proposition 1 Suppose that E 1 = X 1 E 1 E 2 = X 2 E 2 is a bundle pair. Suppose that f : X i ! X i and F : E i ! E i , i = 1; 2 are di erentiable mappings in both topologies and that F is bred over f.
Assume that there exists a set X 1 T X 2 and a bundle = f x : x 2 g E 1 T E 2 being hyperbolic for f and F respectively in both topologies with the same invariant splitting. Then there exist (i) neighbourhoods U 1 ; U 2 of in the X 1 -and X 2 -topology respectively,
(ii) neighbourhoods V 1 ; V 2 of in the topology of E 1 and E 2 respectively such that (27) An easy way to obtain invariant sets K and invariant bundles K as in Proposition 1 is the following: just de ne K to be the set T n2Z Z g ?n U and K to be the family of sets T n2Z Z G ?n U g n (x) , x 2 K, where U and U are the neighbourhoods for mappings g 2 W, G 2 W appearing in the last proposition. These bundles and sets respectively must be hyperbolic by Proposition 1. Moreover, that result guarantees the existence of invariant hyperbolic sets and bundles K i ; K i , i = 1; 2 in the case of two topologies as described in the statement of the proposition such that K 1 K 2 , K 1 K 2 . This is an interesting fact for our investigations on coupled map lattices. Anyway, the main result of this section, which is next, will show in particular how we can relate the hyperbolic sets and families K and K to and respectively using our shadowing result. 
?! ?! h(')( ) 6 Remark 4 Note that it follows directly from the de nition of the local stable manifolds that
for all (x; v) 2 . Proof. Because of our compactness assumption the proof is exactly the same as in the case of di eomorphisms on compact manifolds (see 24] ) and therefore we omit it.
De nition 11 We say that a hyperbolic family = f x : x 2 g for a bre-preserving map F on a bundle has a local product structure if for small and the point v; w] x = v; w] ; x belongs to x whenever x 2 , v; w 2 x , d(v; w) < .
De nition 12 Let E be a bundle of a Banach space E with induced metric d over a topological space X. Assume that f is a homeomorphism on X and F 2 C 0 (E; f). We say that F is expansive on a subset D x of E x for some x 2 X if there exists an " > 0 such that 8v; w 2 D x ; v 6 = w : maxfs(F; x; v; w); u(F; x; v; w)g > " Because of the last result we will occasionally refer to the number in Theorem 7 as the constant of expansivity.
Proposition 3 Assume that the conditions of Proposition 2 are ful lled and that F has a local product structure. Let be the constant of expansivity and 2 (0; =2) be a number such that :; :] = :; :] ;
gives the local product structure in . Then there exists a positive constant < =2 such that for all ( It is a well known fact that it su ces to show that every nite pseudo-orbit can be shadowed in order to prove the whole Shadowing Lemma. Therefore let us consider the -pseudo-orbit f(f i (x); v i )g n i=0 for F with v i 2 f i (x) for i = 0; 1; : : :; n: Letṽ 0 = v 0 . Then it trivially follows thatṽ 0 2W " x (v 0 ) \ x .
Since we want to work by recursion, let us assume thatṽ k is already de ned and satis es
Then we obtain from Remark 4 that
But then, by the de nition of the local product structure,
and consequently for j < k, Corollary 2 If 2 in Theorem 8 is chosen smaller than the constant of expansivity , then the point v2 x which -shadows the given -pseudo-orbit is unique.
Proof. Assume that v and w are two points in x shadowing the same -pseudo-orbit. Then maxfs(F; x; v; w); u(F; x; v; w)g 2 < and therefore it follows from Proposition 2 that v = w. Remark 6 If in addition to the assumptions of Theorem 8 the dynamics of F on all the bres of the bundle are conjugate with the help of homeomorphisms h x!y , all x; y 2 , and if we use the metric introduced in Remark 2, then for every > 0 there exists an > 0 such that the following holds: if f(f i (x); v i )g +1 i=?1 with v i 2 f i (x) for all i 2 ZZ is an -pseudo-orbit for F, then f(f i (y); h x!y (v i ))g +1 i=?1 is an -pseudo-orbit for F, f(f i (x); v i )g +1 i=?1 can be -shadowed by a point (x; v)2 and f(f i (y); h x!y (v i ))g +1 i=?1 can be -shadowed by (y; h x!y (v)). Corollary 3 The point v 2 x which -shadows the given -pseudo-orbit in Theorem 8 depends continuously on x 2 . Proof. This is clear as theṽ k depend continuously on x 2 by the continuous dependence of :; :] x on x 2 .
Symbolic Dynamics and Markov Partitions
Having gathered all the necessary devices we can construct now Markov partitions for bre-preserving mappings on hyperbolic invariant families in our bundles. This will be quite easy, as we may have recourse to the case of di eomorphisms on compact manifolds again. In particular we will make use of the work in 24].
For the following let us x some notation. Let X be a Banach space, E be a bundle of a Banach space E over X with norm k:k and induced metric d on E and furthermore f 2 C r (X) and F 2 C s; (E; f) with r; s 1 and b > 0. We suppose that there exists a hyperbolic invariant compact set for f and a hyperbolic bundle = f x : x2 g E of compact sets for F, which has a local product structure. Let be a constant of expansivity for F on and 2 (0; =2) be a number such that :; :] = :; :] ;
gives the local product structure in .
De nition 13 A subset R of some bre x , x 2 , is called a rectangle if it has diameter less than and v; w 2 R ) v; w] 2 R:
A rectangle R is called proper if R is closed in x and if it is the closure of the interior of R as a subset of x .
In the following we will denote the interior of a rectangle R as a subset of x by int(R).
De nition 14 A Markov partition of for F is a family R = fR x : x 2 g over of nite collections R x = fR 1 x ; : : : ; R nx x g of small proper rectangles with disjoint interiors with the following properties:
We are going to construct such a Markov partition now. As in the case of di eomorphisms on compact manifolds one uses the shift on symbol spaces for this construction. For our purposes let < =2 be the number appearing in Proposition 3 and choose a positive constant < =2. By Theorem 8 there exists a positive number < such that every -pseudo-orbit for F in is -shadowed by a unique In the case that the dynamics of F on all the bres of the bundle are conjugate with the help of homeomorphisms h x!y , x; y 2 , we can choose covers of the x by !-balls with centres p j x as above such that in addition p j y = h x!y (p j x ) for all x; y 2 , j 2 f1; : : : ; kg. In this case the matrices M x do not depend on x.
Anyway, let us de ne symbol spaces x (M x ) for x 2 as follows: x (a x ) ). Consequently, the following diagram commutes for all x 2 :
Moreover, x maps x (M x ) onto x for each x 2 . Namely, if (x; v) 2 x we can nd a point a 2 x (M x ) such that F f n?1 (x) : : : F x (v) 2 B f n (x) (p f n (x);an ; !) for all n 2 ZZ. Consequently, Since is our constant of expansivity, it follows that v x = w x and from this contradiction we conclude that x is continuous. We can summarize all these properties of the x as follows.
Proposition 4 = f x : x 2 g is a bundle map from (M) to acting on the bre over x 2 as a semiconjugacy of x and F x .
Remark 7 If the dynamics of F on all the bres of the bundle are conjugate with the help of homeomorphisms h x!y , x; y 2 , then our construction from above with the use of the bred metric from Remark 2 leads to h x!y x = y . to obtain rectangles covering x , x 2 . As in 24] these rectangles T i
x can be re ned by intersections with stable and unstable manifolds in the bres such that we obtain a Markov partition of . Let us x this result.
Theorem 9 Under the general assumptions of this section the hyperbolic family has a Markov partition for F such that the rectangles R j x of this partition vary continuously with x 2 .
For our investigations of coupled map lattices the following result, which can be obtained from the remarks 2, 3 and 6 and the construction of the Markov partition from the rectangles T i
x through intersections with stable and unstable manifolds in the bres, will be of importance to us.
Theorem 10 If in addition to the general assumptions of this section the dynamics of F on all the bres of the bundle are conjugate, then has a Markov partition for F such that all the rectangles R j x , x2 are homeomorphic for any j 2f1; : : : ; dg, some d2ZZ, and depend continuously on x2 .
Preliminaries for coupled map lattices
Let us consider for a moment the class of coupled map lattices given by (5) and denote the corresponding maps by (N)" and the corresponding interaction operators by A (N)" . Because of its meaning we will refer to the later also as averaging operator. Now let us present some results for A (N)" which will justify our assumptions on the interaction operators in general. Hence it follows from (7.35) and (7.36 i g 1 k=i+1 leading to a limit point z i . This can be done for all i such that we can obtain a sequence z = fz i g 1 i=?1 satisfying A (N)" z = y.
Lemma 3
The averaging operator A (N)" : Y ! Y is one-to-one for small "2IR + 0 . For N = 1, m = 1, "2(0; 1), " 6 = 1=2 it is even one-to-one on every bounded subset of Y. 26 Proof. The injectivity of the averaging operator for small " 2 IR + 0 follows from its closeness to the identity. For the case N = m = 1, "2(0; 1), " 6 = 1=2 it su ces to show that the only bounded solution x2Y of A (N)" x = 0 is the zero solution. For this purpose de ne y i := x i+1 for i2ZZ, x2Y and then Re( 1;2 ) = ? 1 ? " " 2 (?1; 0): Therefore it follows for " 6 = 1=2 that the only solutions of (7.37) or (7.38) which stay bounded for all i 2 ZZ are the solutions x = 0 or x i = y i = 0 for all i 2 ZZ respectively (saddle point property for linear di erence equations).
As a consequence of this lemma and the de nition on (N)" we obtain the following result. where " is the coupled map lattices and (i) " is given on the bre E for all i2ZZ and x2L.
Note that for 2 (0; 1) the hyperbolic set L ( ) " is compact and the dynamics of (i) " on all the bres of (i) "; for all i 2 ZZ are conjugate. Thus if has local product structure for f, then (i) has local product structure for x (a (k) ) = x k for all k2ZZ: (40) Moreover let us assume that there exist two points x; y 2 L " such that (k) x (a (k) ) = x k ; (k) y (a (k) ) = y k for all k2ZZ:
Hence by Remark 7
(H ?1 "; n " (x) ( n " (x))) k = (H ?1 "; n " (y) ( n " (y))) k for all k; n2ZZ and consequently by Corollary 5 we deduce x = y. Thus we have the following result. in Section 1. According to the fact that for 0 " < " 1 the operator A " is close to id in the C 1 -topology and that the dependence of the a (i) " (x) on x j decreases exponentially fast with the distance of the sites i; j we furthermore assume the existence of constants ; C > 0 such that j @a " is a mapping on E (i) which is "-close to (i) 0 in the C 1 -topology, we can nd a number " 2 with 0 < " 2 " 1 such that " is expanding on Y and (t N1;N2 (x)) i = x for i < ?N 1 or i > N 2 : Let E N1;N2 be the bundle corresponding to Y N1;N2 and (i) ";N1;N2 be the respective bundle map for the sites N 1 i N 2 . Note that we have (i) ";N1;N2;x = (i) ";x for every x 2 Y N1;N2 . Thus for these points (i) ";N1;N2;x is expanding and we can use the same Markov partition R (i) " (x) as for (i) ";x . In particular we can also give a symbolic representation of the points in E (i) x with respect to (i) ";x .
Thus we can associate to each x 2 Y and each y 2 Y N1;N2 a sequence fw i g 1 i=?1 and fw i g N2 i=?N1 , respectively, of symbol sequences fw i j g 1 j=0 by choosing the w i k such that On the other hand, due to the expansiveness of " and ";N1;N2 for " < " 2 each sequence fw i g 1 i=?1 and fw i g N2 i=?N1 determines exactly one point x 2 Y and y 2 Y N1;N2 , respectively. This can be seen as follows: since we have for x2Y
" (x) = respectively.
